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I .  *. 

MONTE CARLO CALCULATIONS OF LIGHT SCATTERING FROM CLOUDS 

G i l b e r t  N .  Plass and George W. Kattawar 

Abs t r ac t  

The s c a t t e r i n g  of v i s i b l e  l i g h t  by c louds  i s  c a l c u l a t e d  from a n  

e f f i c i e n t  Monte Car lo  code which fo l lows  t h e  m u l t i p l y  s c a t t e r e d  p a t h  

of t h e  photon.  

Mie t h e o r y  by i n t e g r a t i o n  over  a p a r t i c l e  s i z e  d i s t r i b u t i o n .  

are  fol lowed through a s u f f i c i e n t  number of c o l l i s i o n s  and r e f l e c t i o n s  

from t h e  lower s u r f a c e  (which may have any d e s i r e d  a lbedo)  u n t i l  t hey  

make a n e g l i g i b l e  c o n t r i b u t i o n  t o  t h e  i n t e n s i t y .  Various v a r i a n c e  

r e d u c t i o n  t echn iques  were used t o  improve t h e  s ta t i s t ics .  The r e f l e c t e d  

and t r a n s m i t t e d  i n t e n s i t y  is s t u d i e d  as a f u n c t i o n  of s o l a r  z e n i t h  a n g l e ,  

o p t i c a l  t h i c k n e s s ,  and s u r f a c e  a lbedo .  The downward f l u x ,  c loud  a lbedo ,  

and mean o p t i c a l  p a t h  of t h e  t r a n s m i t t e d  and r e f l e c t e d  photons are  g iven  

as a f u n c t i o n  of t h e s e  same parameters .  The numerous sma l l  a n g l e  s c a t -  

t e r i n g s  of t h e  photon i n  t h e  d i r e c t i o n  of t h e  i n c i d e n t  beam are fo l lowed 

a c c u r a t e l y  and produce a g r e a t e r  p e n e t r a t i o n  i n t o  t h e  c loud  t h a n  i s  

ob ta ined  x i t h  a x o r e  i s o t r o p i c  and less  r e a l i s t i c  phase f u n c t i o n .  

The s i n g l e  s c a t t e r i n g  phase f i inc t ion  i s  ob ta ined  from t h e  

The photons 

G i l b e r t  N .  P l a s s  i s  wi th  t h e  Southwest Center  for Advanced S t u d i e s ,  

P .  0 .  Box 30365, Dallas, Texas 75230. 

George W .  K a t t a w a r  i s  wi th 'Nor th  Texas S t a t e  U n i v e r s i t y ,  Denton, Texas,  

76203 and t h e  Southwest Center  for Advanced S t u d i e s ,  P .  0 .  Box 30365, Dallas, 

Texas 75230. 
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I N T R O D U C T I O N  

The m u l t i p l e  s c a t t e r i n g  of a photon must be t a k e n  i n t o  account  i n  any 

s t u d y  of l i g h t  r e f l e c t i o n  and t r a n s m i s s i o n  from a c loud .  Desp i t e  t h e  

e l e g a n t  t echn ique  developed by Chandrasekhar C19601 and many o t h e r s ,  it 

is  ex t r eme ly  d i f f i c u l t  t o  o b t a i n  numerical  answers when t h e  s i n g l e  

s c a t t e r i n g  phase f u n c t i o n  i s  s t r o n g l y  a n i s o t r o p i c  and when t h e  p r o p e r t i e s  

of t h e  atmosphere change a p p r e c i a b l y  wi th  h e i g h t .  F r i t z  C1954, 19551 

and Twomey e t  a1 C19671 have ob ta ined  i n t e r e s t i n g  r e s u l t s  p e r t a i n i n g  

t o  clouds, bu t  t h e i r  r e s u l t s  are  l i m i t e d  t o  l a r g e r  o p t i c a l  depths  and 

d i r e c t i o n s  which are no t  c l o s e  t o  t h e  i n c i d e n t  d i r e c t i o n  by t h e  approxi-  

mat ions i n h e r e n t  i n  t h e i r  methods. 

The p r e s e n t  s t u d y  of l i g h t  s c a t t e r i n g  by c louds  was made wi th  t h e  

Monte C a r l o  t echn ique  which h a s  now become p r a c t i c a l  w i th  modern h igh  

speed d i g i t a l  computers.  T h i s  method h a s  a l r e a d y  been a p p l i e d  t o  many 

d i v e r s e  p h y s i c a l  and mathematical  problems LHammersley - and Handscomb, 19643. 

It h a s  been used by C o l l i n s  and Wells Cl9651 i n  a s t u d y  of l i g h t  s c a t t e r i n g  

by atmospheric  a e r o s o l s .  

After  a d e s c r i p t i o n  o f  our  method of c a l c u l a t i o n ,  t h e  r e f l e c t e d  

and t r a n s m i t t e d  l i g h t  from a cloud i s  d i s c u s s e d  as a f u n c t i o n  o f  o p t i c a l  

t h i c k n e s s ,  s u r f a c e  a lbedo ,  and solar i n c i d e n t  a n g l e .  The a lbedo  of t h e  

c loud  i s  p resen ted  as  a f u n c t i o n  of s u r f a c e  a lbedo ,  o p t i c a l  t h i c k n e s s  

o f  t h e  c loud ,  and i n c i d e n t  a n g l e .  The downward f l u x  a t  t h e  lower s u r f a c e  

of t h e  c loud  and t h e  mean o p t i c a l  patti of both tlie r e f l e c t e d  and t r a n s -  

m i t t e d  photons i s  d i s c u s s e d .  
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A Lambert re f lec t ing  s u r f a c e  and a s i n g l e  d i s t r i b u t i o n  of s i z e s  

for t h e  Mie p a r t i c l e s  is assumed i n  a l l  t h e s e  c a l c u l a t i o n s  i n  o r d e r  t o  

s tudy  t h e  dependence on o t h e r  v a r i a b l e s .  The c loud  i s  assumed t o  be 

h o r i z o n t a l l y  s t r a t i f i e d  and t o  be composed of water  d r o p l e t s .  E f f e c t s  

due t o  i n c i d e n t  sky r a d i a t i o n ,  and molecular  s c a t t e r i n g  and abso rp t ion  

are n o t  cons idered  h e r e .  

photon i n  t h e  d i r e c t i o n  of t h e  i n c i d e n t  beam are  fol lowed a c c u r a t e l y  

i n  t h r e e  dimensions i n  t h e  p re sen t  c a l c u l a t i o n .  

r e s u l t s  is a much g r e a t e r  p e n e t r a t i o n  of t h e  beam i n t o  t h e  cloud than  

i s  ob ta ined  wi th  a more i s o t r o p i c  and l e s s  r e a l i s t i c  phase f u n c t i o n .  

The numerous s m a l l  a n g l e  s c a t t e r i n g s  of t h e  

Among t h e  i n t e r e s t i n g  

MONTE CARLO METHOD 

The Monte Car lo  method can be app l i ed  t o  any problem i f  one knows 

t h e  p r o b a b i l i t y  f o r  each s t e p  i n  a sequence of even t s  and d e s i r e s  t h e  

p r o b a b i l i t y  of t h e  t o t a l  of a l l  p o s s i b l e  e v e n t s .  

method may be used t o  s tudy  problems i n  r a d i a t i v e  t r a n s f e r  [Co l l in s  and 

Wells, 19651. However, some of  t h e  methods employed i n  t h i s  work d i f f e r  

considerably from t h e i r s .  

Thus t h e  Monte Carlo 

The advantages of t h e  Monte Car lo  method f o r  t h e  s tudy  of r a d i a t i v e  

t r a n f e r  i n  p l a n e t a r y  atmospheres are as fo l lows :  

1) 

phase f u n c t i o n  r e g a r d l e s s  of t h e  degree of a n i s o t r o p y .  

averaged phase f u n c t i o n  may be extremely a n i s o t r o p i c  f o r  a e r o s o l s  

and water  d r o p l e t s  i n  t h e  atmosphere.  I t  i s  v i r t u a l l y  hopeless  t o  

use  conven t iona l  methods r e l y i n g  on t h e  expansion of t h e  phase f u n c t i o n  

i n t o  a s e r i e s  of Legendre polynomials  [Church i l l  e t  a l ,  1966; Coulson 

e t  a l ,  19653. 

The c a l c u l a t i o n s  may be performed f o r  any s i n g l e  s c a t t e r i n g  

The volume 
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2) 

number d e n s i t y  of molecular and a e r o s o l  s c a t t e r i n g  c e n t e r s ,  and 

Any r e l e v a n t  parameter  such as t h e  s i n g l e  s c a t t e r i n g  a lbedo ,  

t h e  v a r i o u s  c r o s s - s e c t i o n s  may vary  wi th  o p t i c a l  depth  i n  t h e  

atmosphere.  

3 )  

any d e s i r e d  d i s t r i b u t i o n ,  i n s t e a d  of be ing  uniform i n  a n g l e  as 

r e q u i r e d  by a Lambert s u r f a c e .  

s u r f a c e s  v a r i e s  g r e a t l y  with both  i n c i d e n t  and r e f l e c t e d  a n g l e  

CCoulson e t  a l ,  19651 .  

4 )  

bo th  a l a r g e  number of s u r f a c e  a lbedos  and of  d e t e c t o r s  i n  t h e  

The r a d i a t i o n  r e f l e c t e d  from a p l a n e t a r y  s u r f a c e  may f o l l o w  

The l i g h t  r e f l e c t e d  from many rea l  

A s i n g l e  computer r u n  w i l l  produce f l u x e s  and i n t e n s i t i e s  f o r  

atmosphere.  

5 )  

s e l e c t e d .  

6 )  

photon may e a s i l y  be c a l c u l a t e d .  

The d i sadvan tage  of t h e  Monte Car lo  method i s  t h e  f ac t  t h a t  t h e  

Any r e a s o n a b l e  number of p o l a r  and az imutha l  a n g l e s  may be 

The average  mean o p t i c a l  p a t h  of bo th  t h e  r e f l e c t e d  and t r a n s m i t t e d  

s t a n d a r d  d e v i a t i o n s  of t h e  r e s u l I s  dre r m ~ g h l y  i r lverse ly  p r o p o r t i o n a l  

t o  t h e  squa re  r o o t  of t h e  computing times. 

n o t  be p r a c t i c a l  when h igh  accuracy i s  r e q u i r e d .  

Therel'ure t h e  method may 

I n  o u r  Monte Car lo  code t h e  t h r e e  d imens iona l  p a t h  of t h e  photon 

i s  fo l lowed through a cloud and t h e  atmosphere as it i s  m u l t i p l y  s c a t t e r e d .  

The s i n g l e  s c a t t e r i n g  phase f u n c t i o n  i s  ob ta ined  by i n t e g r a t i o n  of t h e  

Mie s c a t t e r i n g  f u n c t i o n  over  t h e  p a r t i c l e  s i z e  d i s t r i b u t i o n .  The f l u x  

and t h e  i n t e n s i t y  are c a l c u l a t e d  f o r  a number of d e t e c t o r s  through t h e  

atmosphere f o r  a number of s u r f a c e  a lbedos .  

t h e  lower s u r f a c e  i s  assumed t o  r e f l e c t  acco rd ing  t o  Lambert 's  l a w .  

I n  t h e  p r e s e n t  c a l c u l a t i o n s  

c 
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S e v e r a l  v a r i a n c e  r e d u c t i o n  t echn iques  minimized t h e  computer t ime.  

These inc luded  t h e  use of a s t a t i s t i c a l  weight f o r  t h e  photon and a 

requi rement  f o r  f o r c e d  c o l l i s i o n s  wi th in  t h e  atmosphere.  

w a s  used which takes  account  of a l l  order 's  i n  t h e  r e f l e c t i o n  from a 

Lambert ' s  s u r f a c e  w i t h  no  n o t i c a b l e  i n c r e a s e  i n  t h e  computing t ime.  

All c a l c u l a t i o n s  were performed on an IBM 360-50 computer. 

number g e n e r a t o r  was t h e  m u l t i p l i c a t i v e  c o n g r u e n t i a l  g e n e r a t o r  supp l i ed  

wi th  t h e  s c i e n t i f i c  sub rou t ine  package. 

choose a s c a t t e r i n g  ang le  from t h e  cumulat ive d i s t r i b u t i o n  f u n c t i o n  f o r  

Mie s c a t t e r i n g ,  it was found necessary  t o  t a b u l a t e  t h e  f u n c t i o n  a t  very  

small i n t e r v a l s  nea r  t h e  s t rong  forward s c a t t e r i n g  maximum. 

i n t e r p o l a t i o n  w a s  used between t h e  t a b u l a t e d  v a l u e s .  

A new method 

The random 

When us ing  t h i s  g e n e r a t o r  t o  

A l i n e a r  

Every r e j e c t i o n  technique  used i n  t h e  program w a s  t e s t e d  s e p a r a t e l y .  

However, t h e  on ly  t r u e  t e s t  of a Monte Car lo  program i s  i n  t h e  r e s u l t s  

of t h e  complete program i t s e l f .  The r eason  i s  t h a t  a random number 

g e n e r a t o r  may have success ive  random numbers t h a t  have t h e  r i g h t  p r o p e r t i e s ,  

b u t  n o t  have a proper  d i s t r i b u t i o n  of n t u p l e s .  

t e s t e d  i n  a number of c a s e s  a g a i n s t  known r e s u l t s  f o r  i s o t r s p i c  and 

Rayleigh s c a t t e r i n g .  

Thus our  r e s u l t s  were - 

The Monte Car lo  r e s u l t s  a r e  shown i n  F igure  1 t o g e t h e r  with t h e  

t h e o r e t i c a l  r e s u l t s  of Chandrasekhar [1960] f o r  i s o t r o p i c  s c a t t e r i n g  

from a s e m i - i n f i n i t e  atmosphere when t h e  cos ine  of t h e  i n c i d e n t  ang le  

= - 0 . 2  and t h e  s i n g l e  s c a t t e r i n g  a lbedo  w = 0 . 2 .  All i n t e n s i t i e s  i.n 
0 

t h i s  paper  are normalized t o  an i n c i d e n t  i n t e n s i t y  of u n i t y  and no t  t o  t h e  

va lue  IT as i s  sometimes done. All f l u x e s  i n  t h i s  paper  are normalized 

t o  u n i t  i n c i d e n t  f l u x .  



- 6 -  

The Monte C a r l o  r e s u l t s  f o r  a Rayle igh  phase  f u n c t i o n  are compdred 

i n  F igu re  2 wi th  t h e  e x a c t  s o l u t i o n  ob ta ined  from a program w r i t t e n  by 

Mr. C .  N .  Adams which employs i n v a r i a n t  imbedding t echn iques .  I n  t h i s  

example T ( t h e  o p t i c a l  d e p t h )  1 and cu rves  are sliown f o r  t h e  ref lectcad 

and t r a n s m i t t e d  i n t e n s i t i e s  f o r  A ( s u r f a c e  a l b e d o )  = 0 and A 0 . 8 .  

The agreement i n  a l l  cases t e s t e d  appea r s  ve ry  s a t i s f a c t o r y .  

INTENSITY REFLECTED FROM CLOUDS 

The s i z e  d i s t r i b u t i o n  f o r  t h e  water d rops  i n  a cumulus cloud chosen 

f o r  t h i s  c a l c u l a t i o n  i s  

n ( r )  = 2.373 r6 exp ( - 1 . 5 r )  , (1) 

where t h e  r a d i u s  r i s  expressed  i n  microns and t h e  c o n c e n t r a t i o n  n i s  

expres sed  i n  c m  1~ . This  i s  t h e  d i s t r i b u t i o n  f u n c t i o n  used by 

Deirmendjian C19641. We assume a wavelength of 0.71.1 for t h e  i n c i d e n t  

l i g h t  and a r ea l  index  of  r e f r a c t i o n  of 1 .33  f o r  t h e  water d rops .  The 

r e s u l t s  are a l s o  a p p l i c a b l e  t o  o t h e r  v i s i b l e  wavelengths  if  t h e  s i z e  

of t h e  particles is a d j u s t e d  i n  proportion to t h e  wavelength. 

-3 -1 

The angu la r  i n t e n s i t y  f u n c t i o n  for s i n g l e  s c a t t e r i n g  i s  c a l c u l a t e d  

from our  Mie program which i s  desc r ibed  e l sewhere  [Kattawar and P l a s s ,  1 9 6 7 1 .  

The r e s u l t s  are averaged over  t h e  s i z e  d i s t r i b u t i o n  of  t h e  drops  and over  

t h e  two d i r e c t i o n s  of  p o l a r i z a t i o n .  The r e s u l t i n g  i n t e n s i t y  f u n c t i o n  

i s  shown i n  F igure  3.  There i s  a n  exceedingly  s h a r p  fo rward - sca t t e r ing  

maximum which i s  shown i n  more d e t a i l  i n  t h e  i n s e t  i n  t h e  upper l e f t  c o r n e r .  
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From t h i s  f u n c t i o n  a cumulative p r o b a b i l i t y  d i s t r i b u t i o n  was c a l c u l a t e d .  

It w a s  n e c e s s a r y  t o  s p e c i f y  this curve  a t  ove r  240 p o i n t s  wi th  v a r i a b l e  

spac ing  i n  o r d e r  t o  be c e r t a i n  t h a t  t h e  p a r t i c l e s  a r e  s c a t t e r e d  accorcii,ig 

t o  t h e  d e t a i l s  of t h i s  curve.  A l i n e a r  i n t e r p o l a t i o n  t echn ique  w a s  used 

between t a b u l a t e d  p o i n t s .  

The r e f l e c t e d  and t r a n s m i t t e d  i n t e n s i t i e s  f o r  a cloud wi th  t h e  s i z e  

d i s t r i b u t i o n  g iven  by Eq. (1) is shown i n  F igu res  4 and 5 .  The s u n l i g h t  

i s  i n c i d e n t  v e r t i c a l l y  s o  t h a t  1-1 ( c o s i n e  of i n c i d e n t  z e n i t h  a n g l e )  = - 1 . 0 .  

Curves are g iven  f o r  c louds with an o p t i c a l  depth  T from 0 . 0 1  t o  30 .  

The i n t e n s i t y  i s  shown i n  each c a s e  when t h e  s u r f a c e  a lbedo  A = 0 and 

when A = 1. The t r a n s m i t t e d  i n t e n s i t y  does n o t  i n c l u d e  t h e  i n c i d e n t  photon 

u n t i l  it has  been s c a t t e r e d  f o r  t h e  first t ime .  

0 

When a c loud  is s u f f i c i e n t l y  t h i n ,  t h e  s c a t t e r e d  i n t e n s i t y  approaches 

t h e  va lue  which would be c a l c u l a t e d  from s i n g l e  s c a t t e r i n g  e v e n t s  on ly .  

The i n t e n s i t y  c a l c u l a t e d  from t h e  phase f u n c t i o n  shown i n  F igure  3 for 

s i n g l e  s c a t t e r i n g  only i s  i n d i c a t e d  i n  F igu res  4 and 5 by s m a l l  squa res  

when T = 0 .01  and 0 . 1  and when A = 0 .  In  g e n e r a l  t h e r e  i s  e x c e l l e n t  

agreement between t h e s e  r e s u l t s  and t h o s e  of  t h e  Monte Car lo  c a l c u l a t i o n .  

Th i s  p rov ides  a n o t h e r  check on t h e  Monte Carlo method. 

i n  t h e  i n t e n s i t y  curve as a f u n c t i o n  of 1-1 is due t o  t h e  n a t u r e  of t h e  

phase f u n c t i o n  and is n o t  caused by f l u c t u a t i o n s  i n  t h e  r e s u l t .  

Most of  t h e  v a r i a t i o n  

The s i n g l e  s c a t t e r i n g  value i s  t o o  h igh  f o r  bo th  t h e  r e f l e c t e d  and 

t r a n s m i t t e d  beam f o r  t h e  range 0 .0  < p <  0 . 1  and T = 0 . 1 .  Th i s  means 

t h a t  t h e  c loud  is a l r e a d y  s u f f i c i e n t l y  t h i c k  c l o s e  t o  t h e  h o r i z o n t a l  

d i r e c t i o n  when T 0.1 so t h a t  m u l t i p l e  s c a t t e r i n g  must  be t aken  i n t o  accou-i t .  

- -  



- 8 -  

I: 
For t h e  r ange  0 . 9 <  

mitted i n t e n s i t y  are t o o  low for bo th  T = 0 . 1  and 0.01.  The a c t u a l  

i n t e n s i t y  is much l a r g e r  because of t h e  many small  ang le  s c a t t e r i n g  

e v e n t s  which occur  wi th  t h i s  phase f u n c t i o n .  The d e v i a t i o n s  of  t h e  

m u l t i p l y - s c a t t e r e d  i n t e n s i t i e s  from t h e  s i n g l e  s c a t t e r i n g  v a l u e s  for 

0.1< i-1< 0 .9  p rov ides  an i n d i c a t i o n  of t h e  s t a t i s t i c a l  f l u c t u a t i o n  i n  

our  Monte C a r l o  r e s u l t s .  The s t a t i s t i c a l  f l u c t u a t i o n  i s  expected t o  be 

l a r g e r  when t h e  i n t e n s i t i e s  a r e  small ( a s  t h e y  a r e  f o r  T = 0.01) r a t h e r  

t h a n  when they  are c l o s e r  t o  u n i t y .  

p <  1 . 0 ,  t h e  s i n g l e  s c a t t e r i n g  v a l u e s  of t h e  t r ans -  - -  

- -  

When t h e  s u r f a c e  a lbedo  A = 0 ,  t h e  r e f l e c t e d  i n t e n s i t y  as shown 

by F i g .  4 is  a maximum n e a r  t h e  hor izon  for c louds  whose o p t i c a l  t h i c k n e s s  

T is s m a l l .  

number of s i n g l e  s c a t t e r i n g  c e n t e r s  d e c r e a s e s  a long  t h e  l i n e  of  s i g h t .  

The maximum i n  t h e  curve  near  1-1 = 0 . 7  f o r  sma l l  T i s  due t o  t h e  maximum 

i n  t h e  angu la r  i n t e n s i t y  f u n c t i o n  nea r  p = - 0 . 7 5  as shown i n  F igure  3 .  

When T = 1, t h e  r e f l e c t e d  i n t e n s i t y  i s  more n e a r l y  uniform a t  a l l  a n g l e s  

because of  m u l t i p l e  s c a t t e r i n g  e f f e c t s .  For l a r g e  T ,  t h e  r e f l e c t e d  

i n t e n s i t y  h a s  a minimum a t  t h e  hor izon  and a maximum a t  t h e  z e n i t h .  

When A = 1, t h e  r e f l e c t e d  i n t e n s i t i e s  are much more n e a r l y  t h e  

The i n t e n s i t y  dec reases  as p-’ away from t h e  hor izon  as t h e  

same a t  a l l  a n g l e s .  The i n t e n s i t y  is e s s e n t i a l l y  uniform over  ang le  

f o r  s m a l l  T ,  s i n c e  t h e  uniformly r e f l e c t e d  r a d i a t i o n  from t h e  Lambert 

s u r f a c e  is n o t  a p p r e c i a b l y  modif ied by t h e  c loud .  

T, t h e  r e f l e c t e d  i n t e n s i t y  is  a minimum nea r  the hor izon  s i n c e  t h e  

r a d i a t i o n  r e f l e c t e d  from t h e  p l a n e t a r y  s u r f a c e  can no t  p e n e t r a t e  t h e  

c loud  a t  t h e s e  l a r g e  z e n i t h  a n g l e s .  

For c louds  wi th  l a r g e  
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L 

The t r a n s m i t t e d  i n t e n s i t y  i n  F igu re  5 has  a l a r g e  maximum nea r  t he  

z e n i t h  for t h i n  c louds  because of t h e  l a r g e  number of small a n g l e  s c a t t e r i n g s  

around t h e  o r i g i n a l  d i r e c t i o n  o f  t h e  beam. 

up t o  T = 30 f o r  A = 0 ,  a l though it is  ve ry  much less pronounced. There 

i s  ano the r  maximum i n  t h e  curves f o r  t h i n  c louds  nea r  t h e  hor izon  because 

of t h e  c o s i n e  e f f e c t .  

Th i s  maximum p e r s i s t s  even 

However, t h i s  changes t o  a minimum f o r  t h i c k  c louds .  

The t r a n s m i t t e d  i n t e n s i t y  as shown i n  F igure  5 i s  apprec iab ly  l a r g e r  

nea r  t h e  hor izon  a t  a l l  T f o r  A = 1 than  f o r  A = 0 .  The reason  i s  t h a t  

t h e  r a d i a t i o n  r e f l e c t e d  from the  Lambert ' s  s u r f a c e  nea r  t h e  hor izon  has  

a much g r e a t e r  chance of being r e f l e c t e d  back t o  t h i s  s u r f a c e  i f  i t  makes  

one or more small ang le  c o l l i s i o n s  ( s e e  F igure  3 ) .  I n  t h i s  case it makes 

a c o n t r i b u t i o n  t o  t h e  i n t e n s i t y  nea r  t h e  hc r i zon .  In  o r d e r  t o  c o n t r i b u t e  

t o  t h e  downward i n t e n s i t y  a t  an a n g l e  c l o s e  t o  t h e  z e n i t h ,  t h e  photon 

must undergo l a r g e  ang le  s c a t t e r i n g  which i s  much l e s s  probable .  

When po = 1 . 0 ,  t h e  i n t e n s i t i e s  are azimuth independent .  T h i ?  is  

n o t  t h e  case f o r  o t h e r  a n g l e s  of i nc idence .  

as d e s i r e d  f o r  both  t h e  z e n i t h  and az imutha l  ang le s  i n  our Monte Car lo  

program wi th in  c e r t a i n  r e s t r i c t i o n s  ZT: memory s i z e .  It   as decided t o  

use  on ly  two i n t e r v a l s  f o r  t he  az imutha l  ang le  f o r  o t h e r  ang le s  of 

i nc idence  f o r  e a s e  of p r e s e n t a t i o n  of t h e  r e s u l t s .  

uo -0 .5  a r e  shown i n  F i g s .  6-9. 

t h e  h o r i z o n t a l  p l ane  and t h e  p lane  con ta in ing  t h e  i n c i d e n t  beam and 

i n  t h e  d i r e c t i o n  of t h e  i n c i d e n t  beam. Then t h e  Q i n t e r v a l s  used irl  L h i s  

c a l c u l a t i o n  are:  

for i n t e r v a l  (1) are shown on t h e  l e f t  hand s i d e  of Figures  6-9 and 

We can use  as many i n t e r v a l s  

The r e s u l t s  f o r  

Take Q = Oo a t  t h e  i n t e r s e c t i o n  of  

90°; ( 2 )  90° < Q 270O. The r e s u l t s  (1) -goo <- Q <- - 
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t h o s e  for i n t e r v a l  ( 2 )  on t h e  r i g h t  hand s i d e ,  i . e .  one i n t e n s i t y  curve  

shows t h e  v a r i a t i o n  from one hor izon  t o  t h e  z e n i t h  back t o  t h e  o t h e r  

ho r i zon  averaged i n  each  c a s e  over t h e  4 a n g l e s  i n d i c a t e d  above. 

The r e f l e c t e d  i n t e n s i t y  f o r  t h i n  c louds  shown i n  F igu re  6 for 

A = 0 i s  l a r g e s t  n e a r  t h e  hor izon  n e a r e s t  t h e  d i r e c t i o n  of t h e  i n c i d e n t  

beam. 

rises less r a p i d l y  t o  a sma l l e r  v a l u e  on t h e  o p p o s i t e  ho r i zon .  

a t  t h e  minimum i s  500 t imes  s m a l l e r  t han  a t  t h e  maximum. This  curve 

r e s u l t s  bo th  from t h e  c o s i n e  term n e a r  t h e  hor izon  and t h e  g r e a t l y  reduced 

p r o b a b i l i t y  f o r  b a c k s c a t t e r i n g  compared t o  forward s c a t t e r i n g .  

o p t i c a l  dep th  of t h e  c loud  i n c r e a s e s ,  t h e  i n t e n s i t y  cu rves  fo l low q u a l i t a -  

t i v e l y  t h e  same v a r i a t i o n ,  bu t  t h e  magnitude of t h e  v a r i a t i o n s  i s  g r e a t l y  

reduced by m u l t i p l e  s c a t t e r i n g .  

I t  f a l l s  of f  ve ry  r e g u l a r l y  t o  a minimum n e a r  t h e  z e n i t h  and then  

The va lue  

A s  t h e  

The i n t e n s i t y  when A = 1 aga in  has  r e l a t i v e l y  l i t t l e  dependence 

on a n g l e  as i s  shown i n  F igure  7 .  The i n t e n s i t y  is n e a r l y  c o n s t a n t  f o r  

t h i n  c l o u d s .  For t h i c k  c louds  it has a small maximum n e a r  t h e  p o i n t  

on t h e  ho r i zon  c l o s e s t  t o  t h e  d i r e c t i o n  of t h e  o r i g i n a l  beam and a minimum 

a t  t h e  o p p o s i t e  iioi-,izon. 

When A = 0 t h e  t r a n s m i t t e d  i n t e n s i t y  as shown i n  F igure  8 h a s  a 

maximum i n  t h e  d i r e c t i o n  of the  o r i g i n a l  beam for T < 3.  T h i s  i s  expected 

from t h e  numerous m u l t i p l e  small  ang le  s c a t t e r i n g  e v e n t s  around t h e  

o r i g i n a l  d i r e c t i o n .  The minimum t r a n s m i t t e d  i n t e n s i t y  i s  n e a r  1~ = 0.8  

on t h e  o p p o s i t e  s i d e  from t h e  d i r e c t i o n  of t h e  o r i g i n a l  beam. This i s  

caused by t h e  s i n g l e  s c a t t e r i n g  p r o b a b i l i t y  dec reas ing  r a p i d l y  as t h e  ang le  

i n c r e a s e s  i n  t h i s  r ange .  

- 

For t h i c k  c louds  t h e  i n t e n s i t y  i s  r e l a t i v e l y  c o n s t a n t ,  
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b u t  shows a tendency t o  be two t o  t h r e e  times smaller n e a r  t h e  ho r i zon  

t h a n  a t  t h e  z e n i t h .  

When A = 1, t h e  q u a l i t a t i v e  shape of t h e  cu rves  shown i n  F igu re  9 

is  t h e  same as i n  F igure  8 .  

as t h e  a lbedo  i n c r e a s e s  due t o  t h e  photons r e f l e c t e d  from t h e  Lambert 

s u r f a c e  i n t o  an a n g l e  n e a r  t h e  ho r i zon  and t h e n  back- sca t t e red  i n t o  a 

downward d i r e c t i o n  n e a r  t h e  horizon by t h e  many probable  small a n g l e  

s c a t t e r i n g s .  The cu rves  f o r  l a r g e  T a r e  ve ry  uniform. I 

The v a l u e s  a r e  l a r g e r  n e a r  t h e  ho r i zons  
I 

I 

~ 

~ 

S i m i l a r  cu rves  f o r  s u n l i g h t  i n c i d e n t  n e a r  t h e  h o r i z o n t a l  a t  1-1 = -0.1 I 

0 

are g iven  i n  F i g u r e s  10-13. The r e f l e c t e d  i n t e n s i t y  shown i n  F igure  1 0  

is similar  t o  t h e  cu rves  for 1-1 = -0.5 excep t  t h a t  t h e  v a r i a t i o n s  i n  

t h e  c u r v e s  a r e  g r e a t e r  and a l l  cu rves  show a pronounced minimum n e a r  

t h e  z e n i t h .  

t h e  ho r i zon  i n  t h e  d i r e c t i o n  of  t h e  i n c i d e n t  beam as  it does t o  t h e  

z e n i t h .  

by many p robab le  small a n g l e  s c a t t e r i n g s .  

I 
0 

Even a t h i c k  cloud r e f l e c t s  t e n  t imes  as much l i g h t  toward I 
I 

~ 

~ 

The photons can escape from t h e  c loud  e a s i l y  i n  t h i s  d i r e c t i o n  

The r e f l e c t e d  i n t e n s i t y  when A = 1 a l s o  shows more v a r i a t i o n  than  

b e f o r e  as sllown i n  F igure  11. A 1 1  c w v e s  have a maxirnlim a t  t h e  n e a r  

ho r i zon  and a minimum n e a r  t h e  z e n i t h .  I 

I 

The t r a n s m i t t e d  i n t e n s i t y  as shown i n  F igure  1 2  f o r  t h e  c a s e  A = 0 
I 

shows t h e  expec ted  maximum f o r  t h i n  c louds  around t h e  d i r e c t i o n  of t h e  

o r i g i n a l  beam. 

ho r i zon  i s  6000 times l a r g e r  t han  t h e  minimum v a l u e  nea r  t h e  z e n i t h .  

When A = 1, Figure  1 3  shows again t h a t  t h e  e f f e c t  of r e f l e c t e d  photons 

from t h e  p l a n e t a r y  s u r f a c e  i s  predominate ly  t o  i n c r e a s e  t h e  t r a n s m i t t e d  

I I 
I 

For t h i n  clouds t h e  maximum t r a n s m i t t e d  i n t e n s i t y  a t  t h e  
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i n t e n s i t y  near t h e  ho r i zon .  It is i n t e r e s t i n g  t o  n o t e  i n  most cases 

when T c-1 t h a t  t h e r e  i s  a c o n s i d e r a b l e  r e g i o n  i n  which t h e  t r a n s m i t t e d  

i n t e n s i t y  i s  n e a r l y  p r o p o r t i o n a l  t o  exp [ - ( c o n s - t > ~ l .  When T is large 

t h e  i n t e n s i t y  i s  s e v e r a l  t imes l a r g e r  a t  t h e  z e n i t h  t h a n  a t  t h e  ho r i zon .  

The v a r i a t i o n  of t h e  r e f l e c t e d  and t r a n s m i t t e d  i n t e n s i t i e s  w i th  

s o l a r  a n g l e  i s  f u r t h e r  i l l u s t r a t e d  by F igu res  1 4  and 1 5  f o r  LI = -0 .02 .  

When t h e  i n c i d e n t  beam is so  c l o s e  t o  t h e  h o r i z o n ,  t h e  r e f l e c t e d  i n t e n s i t y  

h a s  a ve ry  s t r o n g  maximum a t  t h e  forward ho r i zon  even f o r  t h i c k  c louds .  

When T = 1 0 ,  t h e  i n t e n s i t y  near t h e  ho r i zon  i s  more t h a n  100  times g r e a t e r  

t h a n  t h a t  a t  t h e  z e n i t h  and 20 t i m 2 s  g r e a t e r  t han  t h e  i n t e n s i t y  a t  t h e  

far hor i zon .  The shapes of t h e  t r a n s m i t t e d  i n t e n s i t y  cu rves  are  r a t h e r  

similar fo r  ~t 

i s  smaller i n  t h e  former case because of t h e  l a r g e r  c loud  a lbedo .  

0 

= -0 .02 and po = -0 .1 .  However, t h e  t r a n s m i t t e d  i n t e n s i t y  
0 

Some o f  t h e  r e s u l t s  of Twomey e t  a 1  C19671 may be compared wi th  t h e s e  

c u r v e s .  Th i s  method i s  only v a l i d  f o r  T 1 and does not t a k e  account of 

t h e  numerous small a n g l e  s c a t t e r i n g s  a c c u r a t e l y  ds i s  done i n  ou r  c a l c u l a t i o n  

Our curves  show i n  g e n e r a l  s t r o n g e r  maxima around t h e  d i r e c t i o n  of t h e  

o r i g i n a l  beam and d i f f e r  numer i ca l ly  from some o f  h i s  r e s u l t s .  

TLUX 

The downward d i f f u s e  f l u x  a t  t h e  lower boundary of t h e  cloud as a 

f u n c t i o n  o f  o p t i c a l  t h i c k n e s s  i s  shown i n  F igu re  1 6  for A = 0 .  A photon 

i s  n o t  counted i n  t h e  d i f f u s e  f l u x  u n t i l  it has undergone one s c a t t e r i n g  

e v e n t .  All f l u x e s  are  normalized t o  u n i t  i n c i d e n t  f l u x .  The f l u x  i s  

small for small T, s i n c e  the re  are n o t  enougli wa te r  d r o p l e t s  t o  s ca t t e r  
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an a p p r e c i a b l e  number of photons.  The f l u x  i n c r e a s e s  wi th  T u n t i l  t h e  

curves r e a c h  a maximum. 

i n c r e a s e s  i n  T ,  s i n c e  t h e  cloud is  so t h i c k  tllat t h e  photons have a 

The i n t e n s i t y  d e c r e a s e s  r a p i d l y  wi th  f u r t h e r  

g r e a t e r  p r o b a b i l i t y  o f  escaping from t h e  upper s u r f a c e  t h a n  i n  f i n d i n g  

t h e i r  way t o  t h e  bottom. The maximum f l u x  occur s  a t  s u c c e s s i v e l y  smaller 

v a l u e s  as t h e  i n c i d e n t  beam approachs t h e  ho r i zon .  

When t h e  s u r f a c e  albedo i s  h i g h ,  t h e  downward f l u x  a t  t h e  lower 

s u r f a c e  of t h e  cloud under c e r t a i n  condi t ior l s  may be g r e a t e r  t h a n  t h e  

i n c i d e n t  f l u x ,  as was first po in ted  o u t  by F r i t z  C19551. The downward 

f l u x  ( i n c l u d i n g  t h e  c o n t r i b u t i o n  friom tlie u n s c a t t e r e d  i n c i d e n t  f l u x  

normalized t o  u n i t y  a t  t h e  cloud t o p )  is shown i n  F igu re  1 7  ds d f u n c t i o n  

of o p t i c a l  t h i c k n e s s  f o r  f o u r  d i f f e r e n t  v a l u e s  of p when A = 1. Wlien 
0 

= -1 .0  and T = 6 ,  t h e  downward f l u x  i s  22'h g r e a t e r  tlian t h e  i n c i d e n t  

f l u x .  When p = -0 .5 ,  t h e  downward f l u x  i s  0.13% g r e a t e r  t h a n  t h e  i n c i d e n t  

f l u x  when T = 0.1.  The downward f l u x  i s  dlways less  t h a n  u n i t y  for p 

n e a r  t h e  ho r i zon .  The l a r g e  e f f e c t  w t i e r i  t h e  i n c i d e n t  beam is  v e r t i c a l  

is connected w i t h  t h e  s t r o n g  forward s c a t t e r i n g  of t h e  p a r t i c l e s .  A 

r e l a t i v e l y  large f r a c t i o n  of t h e  r a d i a t i o n  i s  t r a n s m i t t e d  through t h e  

cloud n e a r  t h e  v e r t i c a l ,  but f i n d s  i t  d i f f i c u l t  t o  escape back ou t  because 

t h e  photons are  now t r a v e l i n g  i n  almost random d i i w c t i o n s .  When = - 1 . 0  

and T = 0 ,  t h e  downward f l u x  is g r e a t e r  than u n i t y  f o r  a l l  A > 0 . 4 .  For 

example, t h e  downward f l u x  is 1.0994 when A = I; 1 .0662  when A = 0 . 8 ;  

1 .0350  when A = 0 . 6 ;  0 .9937 when A = 0 . 4 ;  0.9514 when A = 0 .  

0 

0 

0 
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The s t r o n g  p e n e t r a t i o n  of  r a d i a t i o n  i n t o  a c loud  composed of water 

d r o p l e t s  l a r g e r  t h a n  t h e  wavelength i s  shown by a comparison of t h e  f l u x  

c a l c u l a t e d  h e r e  wi th  t h a t  fo r  Rayleigh s c a t t e r i n g .  For example, when 

uo = -1 .0  and A = 1 t h e  downward f l u x  i s  0.6573 for Rayleigh s c a t t e r i n g ,  

b u t  1.0994 f o r  Mie s c a t t e r i n g .  The d i f f e r e n c e  i s  even l a r g e r  between 

t h e  d i f f u s e  i n t e n s i t y  i n  t h e  z e n i t h  d i r e c t i o n  which i s  0.0977 f o r  Rayle igh  

s c a t t e r i n g  and 0 .648  for Mie s c a t t e r i n g .  

MEAN OPTICAL PATH 

The mean o p t i c a l  p a t h  of t h e  photon i s  a q u a n t i t y  of  i n t e r e s t  i n  

s e v e r a l  t y p e s  of  problems. For example, when t h e  r e f l e c t e d  l i g h t  from 

c louds  is measured from a s a t e l l i t e ,  a knowledge of t h e  mean o p t i c a l  p a t h  

i s  necessa ry  t o  a l l o w  f o r  molecular  a b s o r p t i o n  a t  c e r t a i n  wavelengths .  

The mean o p t i c a l  p a t h  of t h e  r e f l e c t e d  photon is  shown i n  F igu re  18  

for v a r i o u s  a n g l e s  of i nc idence .  For t h i n  c louds  of a g iven  o p t i c a l  

t h i c k n e s s ,  t h e  mean o p t i c a l  pa th  i s  g r e a t e r  t h e  c l o s e r  t h e  i n c i d e n t  beam 

is  t o  t h e  hor izon .  

a long  t h e  beam d i r e c t i o n  before  be ing  s c a t t e r e d  back o u t .  

For t h i c k  c louds  of a g iven  o p t i c a l  t h i c k n e s s ,  t h e  mean o p t i c a l  p a t h  

i s  g r e a t e s t  for an  i n c i d e n t  beam a t  t h e  z e n i t h .  

on t h e  average  p e n e t r a t e s  deeply i n t o  t h e  c loud .  

s c a t t e r i n g  phase f u n c t i o n ,  t h e  photon is more l i k e l y  t o  be s c a t t e r e d  

i n  a n  upward d i r e c t i o n  by a s i n g l e  c o l l i s i o n  when t h e  i n c i d e n t  beam i s  

n e a r l y  h o r i z o n t a l .  

T = 1 0 ,  t h e  mean o p t i c a l  p a t h  for t h e  r e f l e c t e d  photon i s  2 4 . 2  f o r  

1-I = -1 .0 ;  20.8 f o r  1-1 = -0.5; 12.9  f o r  i.~ = -0.1; 9.47 f o r  u = -0 .02,  

The photon i n  t h i s  case t r a v e l s  a g r e a t e r  d i s t a n c e  

I n  t h i s  case t h e  photon 

Because of t h e  s i n g l e  

For example, when t h e  c l o u d ' s  o p t i c a l  t h i c k n e s s  

0 0 0 0 
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The cu rves  cross over  one another  i n  t h e  r e g i o n  from T = 1 t o  1 0 .  

The m.ean o p t i c a l  p a t h  of t h e  t r a n s m i t t e d  photon i s  shown i n  

F igure  1 9 .  

as t h e  i n c i d e n t  beam moves from t h e  z e n i t h  t o  t h e  hor izon .  The d i f f e r e n c e s  

f o r  v a r i o u s  i n c i d e n t  ang le s  a r e  l a r g e  f o r  t h i n  c louds  and very  s m a l l  

for t h i c k  c louds .  When 1-1, = -1 .0,  t h e  photon e f f i c i e n t l y  p e n e t r a t e s  

This  q u a n t i t y  f o r  a g iven  c loud  t h i c k n e s s  always i n c r e a s e s  

t h e  cloud as it 

= - 0 . 0 2 ,  t h e  

T = 1 b e f o r e  it 

undergoes many small a n g l e  forward s c a t t e r i n g s .  When 

photon on t h e  average  t r a v e l s  a d i s t a n c e  of t h e  o r d e r  

undergoes a l a r g e  ang le  s c a t t e r i n g  c o l l i s i o n .  A f t e r  one 

l a r g e  a n g l e  c o l l i s i o n  t h e  photon e s s e n t i a l l y  l o s e s  i t s  memory of i t s  

i n i t i a l  d i r e c t i o n .  

from t h i s  p o i n t  u n t i l  t hey  leave  t h e  lower s u r f a c e  of t h e  c loud .  This  

is  t h e  r eason  a l l  t h e  mean o p t i c a l  p a t h s  are n e a r l y  t h e  same f o r  l a r g e  

T .  For example, when T = 1 0 ,  t h e  mean o p t i c a l  t h i c k n e s s  of t h e  t r a n s -  

m i t t e d  photon i s  1 9 . 2  f o r  u = - 1 . 0 ;  2 4 . 9  f o r  1-1 

Thus a l l  photons t r a v e l  approximately t h e  same d i s t a n c e  

= -0 .5 ;  28 .0  f o r  u0 = - 0 . 1 ,  
0 0 

2 8 . 2  f o r  p = -0.02. 
0 

Mean o p t i c a l  p a t h s  f o r  T > 2 and p0 = -0.55 have been g iven  by 

The curves are q u a l i t a t i v e l y  similar t o  those Twnmey e t  a1 [lS67]. 

shown h e r e .  Our r e f l e c t e d  mean o p t i c a l  p a t h s  a r e  l a r g e r  than  t h e i r s .  

Th i s  is presumably because our c a l c u l a t i o n s  a c c u r a t e l y  a l lows  f o r  t h e  

numerous small a n g l e  s c a t t e r i n g s  which a l low t h e  photon t o  p e n e t r a t e  

deeper  i n t o  t h e  c loud  and t h u s  t o  have a g r e a t e r  o p t i c a l  pa th .  I t  

may a l s o  be due t o  t h e  f a c t  t h a t  t h e i r  s i n g l e  s c a t t e r i n g  phase f u n c t i o n  

i s  somewhat d i f f e r e n t  from ours.  
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CLOUD ALBEDO 

The c loud  a lbedo  i s  de f ined  as t h e  f r a c t i o n  of t h e  i n c i d e n t  l i g h t  

r e f l e c t e d  from t h e  c loud .  I t  i s  shown i n  F igu res  20-24 f o r  v a r i o u s  a n g l e s  

of i nc idence  1.1 and s u r f a c e  a lbedos  A .  
0 

The cloud a lbedo  for 1 . 1 ~  = -1 .0  i s  shown i n  F igure  20 .  When t h e  

p l a n e t a r y  s u r f a c e  i s  comple te ly  absorb ing  ( A  = 0 1 ,  t h e  c loud  does no t  

re f lec t  a p p r e c i a b l e  r a d i a t i o n  u n t i l  T i s  of t h e  o r d e r  of u n i t y .  The 

c loud  a lbedo  t h e n  rises r a p i d l y  u n t i l  it i s  0.88 when T = 100 .  When 

A 1, t h e  cloud a lbedo  h a s  t h e  v a l u e  u n i t y  for a l l  T ,  s i n c e  no a b s o r p t i o n  

was assumed by t h e  water d r o p l e t s  i n  t h i s  c a l c u l a t i o n .  

For  A = 0 . 8 ,  t h e  c loud  a l b e d o  i s  0 . 8  when t h e  cloud i s  s u f f i c i e n t l y  

t h i n .  As T i n c r e a s e s ,  t h e  a lbedo  f irst  dec reases  s i n c e  t h e  inc reased  

r e f l e c t i o n  by t h e  c loud  i s  more t h a n  o f f s e t  by t h e  inc reased  downward 

s c a t t e r i n g  of  t h e  r a d i a t i o n  r e f l e c t e d  form t h e  p l a n e t a r y  s u r f a c e .  The 

minimum cloud a lbedo  i n  t h i s  case is 0 . 7 8 2  nea r  T = 3 .  A s i m i l a r  miriimum 

a l s o  occur s  for A = 0 . 4  arid 0 . 6 .  The cloud a lbedo  r ises  as T irlcredses 

beyond t h i s  p o i n t .  

The c loud  a lbedos  f o r  p - 0 . 5 ,  - 0 . 1 ,  and -0.02 are shown i n  

F igu res  21-23.  These curves  have t h e  same shape as t l i d t  for 1.1 = - 1 . 0 ,  

except  t h a t  t h e r e  is  no longe r  a sma l l  minimum i n  t h e  cu rves  f o r  A 0 . 4  

t o  0 . 8 .  Because of t h e  s t r o n g  forward s c a t t e r i n g ,  t h e  cloud a lbedo  always 

i n c r e a s e s  wi th  T when 11.1 I < 0 . 5 .  

0 

0 

0 -  

The c loud  a lbedo  a l s o  always i n c r e a s e s  a s  1 1 . 1 ~ 1  dec reases  for a 

f i x e d  T and A .  For example, when T = 0 . 1  and A = 0 ,  t h e  cloud a lbedo  

i s  0.00468 when po =-1.0; 0.0181 when 1.1 = -0.5, 0.180 when 1.1 = -0.1; 
0 0 
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0.492 when p = -0 .02.  When T = 1 0  and A = 0 ,  t h e  c loud  a l b e d o  i n c r e a s e s  

from 0.466 when p 

0 

-1.0 t o  0.852 when po = -0.02. 
0 

The c loud  a lbedos  shown h e r e  are  a p p r e c i a b l y  smaller t h a n  t h o s e  

g iven  by F r i t z  C19541 i n  h i s  F igu re  4 .  Th i s  i s  probably  exp la ined  by 

t h e  p e n e t r a t i o n  t o  a g r e a t e r  dep th  by t h e  a c t u a l  photons through m u l t i p l e  

small a n g l e  s c a t t e r i n g  a s  desc r ibed  i n  our c a l c u l a t i o n .  Our v a l u e s  are  

a l so  u s u a l l y  less t h a n  those  of Korb and MEller C19621 presumably for t h e  

same reason .  

The cu rves  of c loud  a lbedo  f o r  v a r i o u s  v a l u e s  of A approach each  

o t h e r  more c l o s e l y  as T i n c r e a s e s .  Th i s  merely s ta tes  t h a t  a r e l a t i v e l y  

smaller pe rcen tage  of the photons i s  a b l e  t o  r each  t h e  p l a n e t a r y  s u r f a c e  

and r e t u r n  t o  t h e  upper  s u r f a c e  as T becomes l a r g e .  

i s  t h a t  t h e r e  can be s i g n i f i c a n t  v a r i a t i o n s  i n  t h e  cloud a lbedo  as t h e  

s u r f a c e  a lbedo  changes f o r  va lues  of  T between 1 0  and 1 0 0 ,  as shown i n  

F igu res  20-23 .  The o p t i c a l  t h i c k n e s s  of Venus i s  u s u a l l y  p laced  i n  t h i s  

r ange .  Table  I shows t h e  cloud a lbedo  f o r  T = 1 0  and 30 ,  for var.i.ous 

v a l u e s  of  p and s u r f a c e  a lbedo  A .  I t  i s  immediately obvious t h a t  t h e  

r e f l e c t e d  f l u x  s t i l l  depends a p p r e c i a b l y  on t h e  s u r f a c e  a lbedo  even f o r  

l a r g e  T .  Thus t h e r e  i s  t h e  p o s s i b i l i t y  of o b t a i n i n g  in fo rma t ion  about  

c o n d i t i o n s  benea th  a t h i c k  cloud l a y e r  from a s tudy  of t h e  r e f l e c t e d  

l i g h t  because of t h e  s t r o n g  p e n e t r a t i o n  i n  t h e  d i r e c t i o n  of  t h e  o r i g i n a l  

beam al lowed by t h e  many small a n g l e  s c a t t e r i n g s  undergone by t h e  photon.  

An impor tan t  p o i n t  

0 
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TABLE I. CLOUD ALBEDO , 

A = 0 A = 0 .2  A = 0.4 A = 0.6 A = 0.8 % T 

10 -1.0 0.466 0.519 0.588 0.679 0.807 

10 -0.5 .638 .674 .721 .782 .869 

10 -0.1 .799 .819 .845 .880 .928 

10 -0.02 .852 .867 .886 .912 .947 

30 -1.0 .773 .786 .803 .831 .881 

30 -0.5 .818 ,827 .840 .861 .go1 

30 -0.1 .goo .905 ,912 .924 .946 
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LEGENDS FOR FIGURES 

Fig. 1. Ref l ec t ed  i n t e n s i t y  from a semi- inf in i te  atmosphere wi th  i s o t r o p i c  

s c a t t e r i n g ,  1-1 ( c o s i n e  of  i n c i d e n t  a n g l e )  = - 0 . 2 ,  and 

w ( s i n g l e  s c a t t e r i n g  a lbedo)  = 0 . 2  as a f u n c t i o n  of 

u ( c o s i n e  of  z e n i t h  a n g l e ) .  

from Chandrasekhar C19601. The Monte Car lo  r e s u l t s  are f o r  

20,000 h i s t o r i e s .  The i n c i d e n t  i n t e n s i t y  i s  normalized t o  u n i t y .  

0 

0 

The cont inuous  curve  is c a l c u l a t e d  

F ig .  2 .  Re f l ec t ed  and t r a n s m i t t e d  i n t e n s i t y  for a Rayleigh phase 

f u n c t i o n  f o r  an  atmosphere wi th  T ( o p t i c a l  d e p t h )  = 1. The 

upper  cu rves  a r e  for A ( s u r f a c e  a lbedo)  = 0 . 8  and t h e  lower 

cu rves  are f o r  A = 0 .  The cont inuous  curve  was c a l c u l a t e d  

by a program w r i t t e n  by Mr. C .  N .  Adams. The Monte Carlo 

r e s u l t s  are  for 30,000 h i s t o r i e s .  

F ig .  3.  Angular i n t e n s i t y  f u n c t i o n  for Mie s c a t t e r i n g  as a f u n c t i o n  of 

t h e  c o s i n e  u of s c a t t e r i n g  a n g l e  averaged ove r  t h e  s i z e  d i s t r i -  

bu t ion  g iven  by E q .  (1) and ove r  t h e  two d i r e c t i o n s  of p o l a r i z a t i o n .  

The i n s e t  i n  upper  l e f t  shows t h e  curve  nea r  p = 1. I t  i s  assumed 

t h a t  t h e  wavelength of  t h e  i n c i d e n t  l i g h t  is 0 . 7 ~  and t h a t  t h e  

index  of  r e f r a c t i o n  of t h e  water  d rops  i s  1 .33 .  

F ig .  4 .  The r e f l e c t e d  i n t e n s i t y  i s  shown as a f u n c t i o n  of 1-1, t h e  c o s i n e  

of  t h e  z e n i t h  angle .  The cu rves  on t h e  l e f t  and r i g h t  p o r t i o n  

of t h e  f i g u r e  a r e  for A ( s u r f a c e  a lbedo)  0 and 1 r e s p e c t i v e l y .  

The o p t i c a l  dep th  of t h e  c loud  i s  T .  

v e r t i c a l l y ,  ( c o s i n e  of i n c i d e n t  z e n i t h  a n g l e )  = -1 .0 .  The 

i n c i d e n t  i n t e n s i t y  is  normalized t o  u n i t y .  

The s u n l i g h t  i s  i n c i d e n t  
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Fig.  5 .  T ransmi t t ed  i n t e n s i t y  f o r  1-1 = -1.0 and A = 0 and 1. The 
0 

t r a n s m i t t e d  i n t e n s i t y  does n o t  i n c l u d e  t h e  i n c i d e n t  photon 

u n t i l  it h a s  been s c a t t e r e d  t h e  f i rs t  t ime.  See c a p t i o n  

f o r  F i g .  4 .  

F i g .  6 .  R e f l e c t e d  i n t e n s i t y  for I.r = -0 .5  and A = 0 as a f u n c t i o n  
0 

of p, t h e  c o s i n e  of t h e  z e n i t h  a n g l e .  The l e f t  hand p o r t i o n  

of t h e  graph r e f e r s  t o  v a l u e s  averaged over  t h e  az imutha l  a n g l e  

f o r  90° on bo th  s i d e s  o f  t h e  d i r e c t i o n  of t h e  o r i g i n a l  beam. 

F i g .  7 .  

F i g .  8 .  

F i g .  9. 

F i g .  1 0 .  

F i g .  11. 

F i g .  1 2 .  

F i g .  1 3 .  

F i g .  1 4 .  

The v a l u e s  on t h e  r i g h t  p o r t i o n  of t h e  graph are  for v a l u e s  

averaged ove r  t h e  remaining az imutha l  a n g l e s .  Thus one 

i n t e n s i t y  curve  from l e f t  t o  r i g h t  shows t h e  v a r i a t i o n  from 

one ho r i zon  t o  t h e  z e n i t h  and back t o  t h e  o t h e r  ho r i zon  averaged 

ove r  t h e  i n d i c a t e d  az imutha l  a n g l e s .  

R e f l e c t e d  i n t e n s i t y  for 1-1 = -0 .5  and A = 1. See c a p t i o n  f o r  F i g .  6 .  

T ransmi t t ed  i n t e n s i t y  for p = -0 .5  and A 0 .  See c a p t i o n  

f o r  F i g .  6 .  

T ransmi t t ed  i n t e n s i t y  f o r  p = -0 .5  and A = 1. See c a p t i o n  

for F i g .  6 .  

R e f l e c t e d  i n t e n s i t y  f o r  1-1 = - 0 . 1  and A = 0 .  See c a p t i o n  f o r  F ig .  6 .  

R e f l e c t e d  i n t e n s i t y  f o r  p = - 0 . 1  and A 1. See c a p t i o n  for F i g .  6 .  

T ransmi t t ed  i n t e n s i t y  f o r  p - 0 . 1  and A = 0 .  See c a p t i o n  

f o r  F ig .  6 .  

Transmit ted i n t e n s i t y  for p = - 0 . 1  and A = 1. See c a p t i o n  

f o r  F i g .  6 .  

R e f l e c t e d  i n t e n s i t y  f o r  = - 0 . 0 2  and A = 0 .  See c a p t i o n  

f o r  F i g .  6 .  
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Fig .  

F i g .  

F ig .  

F ig .  

F ig .  

F ig .  

F ig .  

F ig .  

F ig .  

15. 

16. 

17. 

18. 

19. 

2 0 .  

21. 

2 2 .  

2 3 .  

Transmi t ted  i n t e n s i t y  f o r  p -0.02 and A 0 .  

fo r  F ig .  6 .  

Downward d i f f u s e  f l u x  a t  lower boundary of c loud  as a f u n c t i o n  

of o p t i c a l  t h i c k n e s s  f o r  p = - 1 . 0 ,  - 0 . 5 ,  - 0 . 1  and f o r  A = 0 .  

The i n c i d e n t  f l u x  is normalized t o  u n i t y  i n  each case .  

Downward d i f f u s e  f l u x  p l u s  remaining f l u x  from i n c i d e n t  beam 

a t  lower boundary of c loud as a f u n c t i o n  of o p t i c a l  t h i c k n e s s  

of  c loud f o r  p = - 1 . 0 ,  - 0 . 5 ,  - 0 . 1 ,  -0 .02  and for A = 1. The 

i n c i d e n t  f l u x  is normalized t o  u n i t y  i n  each c a s e .  

Mean o p t i c a l  pa th  of r e f l e c t e d  photon as a f u n c t i o n  of o p t i c a l  

t h i c k n e s s  of c loud  f o r  po = -0 .02 ,  -0 .1 ,  - 0 . 5 ,  -1 .0 .  

Mean o p t i c a l  p a t h  of  t r a n s m i t t e d  photon as a f u n c t i o n  of o p t i c a l  

t h i c k n e s s  of c loud f o r  p = - 0 . 0 2 ,  -0 .1 ,  - 0 . 5 ,  -1 .0 .  

Cloud a lbedo  as a f u n c t i o n  of o p t i c a l  t h i c k n e s s  f o r  p = -1 .0 

and A 0 ,  0 . 2 ,  0 . 4 ,  0 . 6 ,  0 . 8 .  

Cloud a lbedo  as a f u n c t i o n  of o p t i c a l  t h i c k n e s s  f o r  1 = -0 .5  

and A = 0 ,  0 . 2 ,  0 . 4 ,  0 . 6 ,  0 . 8 .  

Cloud a lbedo  as a f u n c t i o n  of o p t i c a l  t h i c k n e s s  for p = - 0 . 1  

and A = 0 ,  0 . 2 ,  0 . 4 ,  0 . 6 ,  0 . 8 .  

Cloud a lbedo  as a func t ion  of o p t i c a l  t h i c k n e s s  f o r  p = - 0 . 0 2  

and A = 0 ,  0 . 2 ,  0.4, 0.6, 0.8. 

See c a p t i o n  
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